Abstract. In this paper we prove a relative index theorem for pairs of generalized Dirac operators on orbifolds which are the same at infinity. This generalizes to orbifolds a celebrated theorem of Gromov and Lawson.
The relative index theorem applies to pairs of + generalized Dirac operators which agree at infinity.
The topological index of such a pair is defined to be the difference of the index of two natural extensions of the given operators to closed manifolds, see Definition 4.1. Kawasaki's theorems for closed orbifolds makes possible to express the pair topological index via local traces and orbifold characteristic classes. The topological index is calculated by using pairs of parametrices that agree at infinity, c.f. Theorem 4.4.
The analytical index of a + generalized Dirac operator, proved to be finite in Section 3, is defined, classically, to be the dimension of the kernel minus the dimension of the cokernel. The analytical index of a pair is defined to be the difference of the analytical indices of the pair's constituents, see Definition 3.6.
Our main result is Theorem 6.2, which asserts the equality of the analytical and topological indices of a pair of generalized Dirac operators that agree at infinity, which generalizes to orbifolds the main theorem of [GL] . In Section 4 we define the pair topological index by using a gluing technique and characterize it by using Kawasaki's index theorem for closed orbifolds, see Definition 4.1 and Theorem 4.2. In Theorem 4.4 we show how to compute the pair topological index by using parametrices that agree at infinity. Section 5 is devoted to detailing some local properties of traces of generalized Dirac operators. Finally, in Section 6 we state and prove our main result, the orbifold relative index theorem.
Theorem 6.2. Let X be an even-dimensional non-compact complete almost complex Hermitian Spin
In the sequel, all orbifolds and manifolds are assumed to be even dimensional, smooth, Hermitian, Spin c , connected, and almost complex unless otherwise specified. All vector and orbibundles are assumed to be smooth and proper. We also assume that all of our orbifolds/manifolds are endowed with a fixed connection on the dual of their canonical line bundle K * . This allows us to define a 'canonical' Spin c Dirac operator and, given an Hermitian orbibundle E endowed with a connection, the 'canonical' Spin c Dirac operator with coefficients in E. Both of these operators depend, in the Spin c case, on the choice of the selected connections, see [Du; Chapter 14] , and [LM; Appendix D] . For the Spin or complex case, the choice of the connection on K * is canonical.
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Orbifolds, Orbibundles and Dirac Operators.
In this section we will review some definitions and results that we will use throughout this paper. For generalities on orbifolds and operators on orbifolds, see [Kw1] , [Kw2] , [Kw3] , [Ch] , [Du] .
An orbifold is a Hausdorff second countable topological space X together with an atlas of charts U = {(Ũ i , G i )|i ∈ I}, withŨ i /G i = U i open and with projection π i :Ũ i → U i , i ∈ I, satisfying the following properties (1) If two charts U 1 and U 2 associated to pairs (
there exists a smooth open embedding λ:Ũ 1 →Ũ 2 and a homomorphism µ: G 1 → G 2 such that
(2) The collection of the open charts U i , i ∈ I, belonging to the atlas U forms a basis for the topology on X.
We will call an orbifold atlas as above a standard orbifold atlas.
For any x point of X, the isotropy G x of x is well defined, up to conjugacy, by using any local coordinate chart. The set of all points x ∈ X with non-trivial stabilizer, Σ(X), is called the singular locus of X. Σ(X) is a set of codimension at least 2, see e.g. [Ch] . Note that X − Σ(X) is a manifold.
If we now endow X with a countable locally finite orbifold atlas F , F = {(Ũ i , G i )|i ∈ N}, then by standard theory there exists a smooth partition of unity η = {η i } i∈N subordinated to F , [Ch] . This in particular means that, for any i ∈ N, η i is a smooth function on U i (i.e., its lift to any chart of a standard orbifold atlas is smooth), the support of η i is included in an open subset U ′ i of U i , and ∪U ′ i = X. We will call any η as above an F -partition of unity.
Let E be an Hermitian orbibundle (with connection ∇ E ) over the orbifold X.
(For the precise definition see [Kw1] , [Kw2] , [Kw3] , [Ch] .) In particular E is an orbifold in its own right; on an orbifold chart U 1 associated to a pair (Ũ 1 , G 1 ) of a standard orbifold atlas U = {(Ũ i , G i )|i ∈ I} of X, E lifts to a G 1 -equivariant bundle. Standard orbifold atlases on X can be used to provide standard orbifold atlases on
E.
If E is an orbibundle over the orbifold X, a section s : X → E is called a smooth orbifold section if for
. Given an orbibundle E over X, we will denote by C ∞ (X, E) the space of all smooth sections of E, and by
In analogy with the manifold case, see [GL] , [W] , [Gn1] , [LM] , [Y] , one can show that D E is symmetric, whenever X sufficiently regular at infinity. For a compact orbifold without boundary, the Divergence Theorem holds, [Ch] . See also [C] for other results. Sufficient regularity also holds in the case of a product end, by an adaptation of Chiang's method, see [Ch] . In general, ours seems to be a very reasonable assumption to make, which will be certainly satisfied in many cases of interest. For Sobolev inequalities of Gallot type involving domains, see [N] . Now complete the space C ∞ c (X, E), E = S ⊗ C E, S Spin c -bundle on X, E Hermitian orbibundle (with connection ∇ E ) over X, with respect to the norm
We thus obtain the L 2 -space L 2 (X, E). The generalized Dirac operator
has two natural extensions, min and max, see [Fa4] , as an unbounded operator 
The following very useful proposition was proved in [Fa4] ; it is a generalization of results proved by Gaffney and Yau for manifolds, see [Gn2] , [Y] .
Proposition 2.4 [Fa4; Proposition 3.4] . Let X be a non-compact complete orbifold which is sufficiently regular at infinity, and let y 0 ∈ X − Σ(X) be a fixed point of X. Then there exists a sequence of continuous
(4) The function b k is differentiable almost everywhere and at points of differentiability we have 
, at least one of which with compact support, we have 
where R is given below (c.f. [Du; Theorem 6.1] , [LM; Theorem D12] for the manifold case),
where k is the scalar curvature, and c(K * ) denotes the Clifford multiplication of the curvature 2form of the fixed connection on the line bundle K * .
When D E is the generalized Dirac operators on X with coefficients in the proper Hermitian orbibundle (with connection ∇ E ) E, then the formulas above become
where c(E) is the Clifford multiplication of the curvature 2form of the fixed connection ∇ E on E. When X is Spin, we can assume that c(K * ) = c(E) = 0, and 
Moreover, for every σ ∈ D, 
Proof. See [GL; Theorem 3.7] for the manifold case. Endow X with a countable locally finite orbifold atlas
with associated partition of unity η = {η i } i∈N subordinated to F , [Ch] . Suppose
We can also choose our atlas so that ∪ We can now prove that Dirac operators which are positive at infinity, have finite dimensional kernels and cokernels.
Theorem 3.2. Let X be a non-compact complete orbifold which is sufficiently regular at infinity. Let S be the Spin c bundle of X, and let D be the Dirac operator on X, D : In particular, if the dimension of X is even, and
, since since solutions of elliptic equations on manifolds are smooth by a local argument. Then by Propositions 2.6 and 2.7, we have, for σ with compact support,
Therefore,
We now make the assumption σ
Fix a neighborhood Ω of K and let C be the constant appearing in Theorem 3.1 for k = 1. Fix ǫ > 0 and an
on L 2 (X, S) and suppose by contradiction that dim(H) > d. Then there exists σ ∈ H such that σ X = 1, and σ(x s ) = 0, s = 1, . . . , q. By Theorem 3.1, applied to K and Ω, and the Mean Value Theorem applied on lifts of orbifold charts, we have
But this contradicts (3.1). (Note that we can assume that σ has compact support since we are only interested in behavior near K.)
By applying Glazman's variational lemma below, see [Ku; Proposition 3.4] or [Sh] , we can obtain information on the spectrum of the Dirac operator. 
where the supremum is taken over all the subspaces H which are such that 
Thus the operator D, and also, since X is even-dimensional, the operator D ± , admits bounded Green's operators.
Proof. (C.f. [GL; Proof of Theorem 3.7] and [Ku; 3.3 and 3.4] .) First, we claim that D has only point spectrum. This is proved by the same argument used in [Ku; 3.3.] . Note that Kucerovsky's proof works verbatim in the orbifold case too, since Rellich's lemma applies in the sufficiently good case (in fact, one can double the domain to get an orbifold, and then apply Rellich's Lemma for closed orbifolds proved in [Fa2] ). Now, let E λ be the λ-eigenspace of D on L 2 (X, S) with eigenvalue λ. It will suffice to prove that there exists an α > 0 such that the space
is finite-dimensional. We will now proceed as in the proof of Theorem 3.2. By Theorem 2.8, we have
Hence, for σ ∈ H α , Dσ = λσ, with |λ| ≤ α, so we get
Since for some k 1 ∈ R, −R ≥ k 1 Id on K, we have that, for any σ ∈ H α ,
Because σ ∈ H α , |λ| ≤ α, and so λ 2 ≤ α 2 , which implies
If we choose α > 0 such that α 2 << k 0 , we have
Now choose a parametrix Q for D, [Kw2] , so that QD = Id − T , with T smoothing. Let ρ denote the restriction to K, and letT = ρ • T . Then for any σ ∈ H α , we havȇ
Moreover, for any σ ∈ H α , Dσ X ≤ α σ X . Set q = Q ; from (3.2) we get,
where
. Choosing α sufficiently small, T σ X ≥ α 2 σ X , ∀σ ∈ H α . Therefore H α is finitedimensional sinceT is a compact operator.
We will now define the analytical index of a pair of generalized Dirac operators that agree at infinity, thus generalizing a construction of Gromov and Lawson. We start with a non-compact complete orbifold which is sufficiently good at infinity. Let D i and D 
The Topological Index.
We will define here the topological index of a pair of generalized Dirac operators that agree at infinity, thus generalizing a construction of Gromov and Lawson, [GL] . We start with a non-compact complete orbifold X which is sufficiently regular at infinity.
Let D i and D ± i be the generalized Dirac operators on X with coefficients in the Hermitian orbibundle
We assume here that the orbifold X is sufficiently good at infinity. Recall that this means that, for any neighborhood of infinity Ω, we can chop off X along an orbifold hypersurface, O Ω , which is the boundary of a neighborhood of infinity included in Ω. We also assume that the orbifold structure of X is of product type in a neighborhood of O Ω . Note that sufficiently good at infinity implies sufficiently regular at infinity. to be
is the topological index of Kawasaki of the operatorD
We will now give an explicit local description of the above index by using Kawasaki's formulas, see [Kw2] , [Kw3] , [Du] , [V] . Let U = {(Ũ i , G i )|i ∈ I}, withŨ i /G i = U i and projection π i :Ũ i → U i , be a standard orbifold atlas of W . NowŨ ΣW is stratified by orbit types; defineΣ
For short, we can rewriteΣW asΣ 
where dµ
is the density on j-th stratum ofΣW associated (via parametrices) [Kw3] .
We will now use Theorem 4.2 to compute the topological index of a pair of generalized Dirac operators on a compact orbifold that is sufficiently good at infinity. 
Proof. This theorem follows directly from Theorem 4.2. Indeed, if we denote by Ω the neighborhood of infinity on where D 1 and D 2 coincide, we can cap off X along an orbifold O in Ω. Consider a parametrix Q 0 for the extensionD 1 =D 2 on Ω. Now splice Q 0 onto Q 1 and Q 2 , via a smooth function f which is 0 outside Ω, 1 on a neighborhood of infinity, and whose gradient is bounded by 1 in norm. For the rest of the proof we can proceed exactly as in [GL; Proof of Proposition 4.6] . Note that we need to use Kawasaki's local trace formulas. We will now detail some local properties of the trace of a generalized Dirac operator D, thus extending to orbifolds some results of Gromov and Lawson, see [GL] . Assume that there exists a constant k 0 > 0 such that
with Ω = X − K as before. Because of Theorem 2.8, our assumption implies
Our goal in this section is to explicitly compute the index trace of D in terms of local data, by using techniques of Gromov and Lawson and Anghel, see [GL] , [An2] . This will enable us to prove, in Section 6, the relative index theorem by localization. Also, for simplicity's sake, in this section we will take E = C. So D will be defined on sections of the Spin c bundle S. Start with a parametrix Q 0 of D on X. Then
where R and R ′ are not necessarily trace class (as instead happens in the closed orbifold case). We will now replace Q 0 , outside a compact set K 0 , with a Green operator associated to a suitable extension of D.
Specifically, set Ω 0 = X − K 0 , with Ω 0 a domain with smooth boundary included in Ω. Let D Ω0 be the graph closure of the restriction of
Note that, by (5.1), H Ω0 is a closed subspace of L 2 (X, S).
Theorem 5.1. Let X be a non-compact complete orbifold which is sufficiently good at infinity. Let D, S, D Ω0 , P Ω0 , be as above. Then the following two equations
Proof. Equation (5.1) shows that D Ω0 is 1:1 and has closed range, call it ran(D Ω0 ). Hence L 2 (X, S) decomposes orthogonally as
Thus G Ω0 can be defined to be zero on H Ω0 and D
−1
Ω0 on ran(D Ω0 ). G Ω0 is bounded because of (5.1).
Since H Ω0 is a closed subspace of L 2 (X, S), we can define the orthogonal projection on H Ω0 Bergman kernel operator
where {σ m }, m ∈ N, is an orthonormal basis of H Ω0 .
Theorem 5.2. Let X be a non-compact complete orbifold which is sufficiently good at infinity. Let D, S,
be as above. Then the following Bergman kernel
of the projection operator P Ω0 converges (on lifts of local charts; see the proof for details) uniformly in the
Proof. (In this proof˜means lifted to the local orbifold charts.) Because X is sufficiently good at infinity, we can assume that there exists a smooth exhaustion function F on X, such that Ω 0 = F (t 0 ) = {x ∈ X|F (x) > t 0 }. To show the convergence of the Bergman kernel P H we proceed in the following way. First
. By using local charts,
for any two pointsx,ỹ of an orbifold chart (Ũ , G U ) projecting to x and y respectively. (By using a partition of unity, the convergence of distributions is a local property; use a standard orbifold atlas.) Also, for simplicity's sake, we have taken x and y to be in the same orbifold chart. Now, P Ω0 , which in this proof we will call P , is a bounded operator on L 2 (X, S), and so is also continuous as an operator D → D ′ . Hence P has a G U -invariant distributional kernel p(x,ỹ) in the sense of Schwartz, c.f.
[Schw1], [Scw2], [At1] . By the Schwartz kernel theorem, B N → P H locally as a G U -invariant distribution onŨ ×Ũ. (This follows as in the manifold case, see [At1; pg. 51] .) So
by applying Lemma 3.1 locally, we have the required uniform convergence.
The kernel P H has the strong finiteness property proved below. Let F : X → R + be a smooth exhaustion function as above. In particular we assume that Ω 0 = F −1 (t 0 , +∞), 
Proof. Fixed t > t 0 (t near t 0 ), choose s so that t 0 < s < t, and consider the compact "annulus" To do so, choose a cut-off function f ∈ C ∞ (Ω 0 ) such that 0 ≤ f ≤ 1, f = 1 on X(t), and f = 0 on Ω 0 − X(s).
Clearly there exists a c 0 ∈ R + such that ∇f X < c 0 . Applying the local identity
We thus proved our claim (5.5). Now the Lemma is proved by combining (5.4) and (5.5).
6. The Relative Index Theorem.
We will prove here that the analytical index of a pair of generalized Dirac operators that agree at infinity is equal to its analytical index, thus generalizing to orbifolds the main theorem of Gromov and Lawson in [GL] . Let X be a non-compact complete orbifold which is sufficiently good at infinity. Assume that there exists a constant k 0 > 0 such that
with Ω a domain with smooth boundary, and R as in Proposition 2.7. Let D i and D 
is the projection onto the finite dimensional space kerD
Restrict G i to Ω by definingĜ i = χG i χ, i = 1, 2, where χ is the characteristic function of Ω. The differencê
, is a finite range operator. This implies, as in [GL] , that the range of (Ĝ 
By Theorem 5.3, if P Ω denotes the orthogonal projection onto the kernel H Ω of D + on Ω, and P Ω is its associated trace density, then
where F is a finite-dimensional subspace of L 2 (X, S − ), by the discussion preceding the statement of Theorem 6.1. Let {σ m }, m ∈ N, be an orthonormal basis of H Ω + F , such that {σ m }, m = N, N + 1, . . . , is an orthonormal basis of H Ω . Then the Schwartzian kernel of Z can be written as
where Z * denotes the adjoint of Z. The local trace function P Z of Z satisfies
We are now in a position to state and prove our relative index theorem. 
The proof of Theorem 6.2 will occupy the rest of this section.
Proof.(c.f. [GL; Proof of Theorem 4.18])
We will now construct parametrices Q j for D a pair of semi-local parametrics that agree in a neighborhood of infinity. We will do this by splicing R 2 onto R 1 in Ω as follows. Let {b k } k ∈ N, be a sequence of functions as in Proposition 2.4. We assume that, for k sufficiently large, b k = 1 on K. Moreover, since supp(b k ) ⊆ B 2k , we can assume that b k = 0 in a neighborhood of infinity. We claim that each b k can be approximated by a smooth function f k such that
. This claim is proven in the following way. Supp(b k ) can be covered by the union of finitely many orbifold charts, say U j withŨ j /G j = U j , j = 1, . . . , ℓ. Ifb k,s is the lift of a smooth approximation of b k on U s , obtained G s -invariantly, thenf k = sη sbk,s is a smooth approximation of b k , k ∈ N. Now define a sequence of semi-local parametrices R 2,k for D on a local chart is
Near the diagonal, R i = G i , i = 1, 2, and so
